Seeking flexible methods to control quantum teleportation in open systems is an important task of quantum communication. In this paper, we study how the super-Ohmic, Ohmic and sub-Ohmic reservoirs affect teleportation of a general one-qubit state. The results revealed that the structures of the reservoirs play a decisive role on quality of teleportation. Particularly, the fidelity of teleportation may be improved by the strong backaction of the non-Markovian memory effects of the reservoir. The physical mechanism responsible for this improvement are determined.
In the present work, we study quantum teleportation of the single-qubit state in the bosonic structured reservoirs of the super-Ohmic, Ohmic and sub-Ohmic types [29] . Through simulating numerically the dynamical behaviors of the average teleportation fidelity, we show that the explicit form of the spectral density of the reservoir as well as the coupling strength between the channel and the reservoir have great impact on efficiency of quantum teleportation, and the quality of teleportation can be im- * Electronic address: yuxia1124@163.com proved via the technique of reservoir engineering.
The structure of this paper is arranged as follows. In Section II we recall some basic formalism related to the fidelity of quantum teleportation, and detailed the methods for solving the equation of motion for the channel state. Then in Section III, we investigate resistance of quantum teleportation against decoherence induced by the super-Ohmic, Ohmic and sub-Ohmic reservoirs. Finally, Section IV is devoted to a summary.
II. THE FORMALISM
In this work we concentrate on efficiency of quantum teleportation for a general one-qubit state, with a two-qubit state ρ serving as the quantum channel. We suppose during the teleportation process, Alice performs only the Bell-basis measurement, while Bob is equipped to perform any unitary transformation, then the maximal average fidelity achievable can be evaluated as [30] 
where N (ρ) = Tr √ T † T , with T being the 3 × 3 positive matrix with elements t nm related to the Bloch sphere representation of ρ below
Under the assumption of zero-temperature reservoir and nullity of initial correlation between the qubit and the reservoir, the reduced density matrix ρ S (t) for qubit S (S = A, B) can be obtained as [31] 
in the standard basis {|1 , |0 }, and ρ S ij (0) = i|ρ S (0)|j . The density matrix ρ S (t) depends solely on the function p(t), whose explicit time dependence contains the information on the reservoir spectral density and the coupling constants. To be explicitly, we consider here the family of reservoir spectral densities given by [29] 
which simplifies to
in the continuum limit of reservoir modes
, with ω c being the cutoff frequency and η the dimensionless coupling constant. They are related to the reservoir correlation time τ B and the relaxation time τ R by τ B ≃ ω For this family of reservoir spectral densities, the function p(t) obeys the following integro-differential equation [32] 
where the kernel function f (t−t 1 ) = dωJ(ω)e −iω(t−t1) . After a straightforward algebra, Eq. (7) turns into
In this work we take s = 1/2, 1 and 3 as three examples of the sub-Ohmic, Ohmic, and super-Ohmic spectral densities. The kernel function can then be integrated as [6] 
where s! is the factorial of s, and ̟ =
. With the help of Eq. (9), the function p(t) in Eq. (8) can be solved numerically and the two-qubit density matrix ρ(t) can be determined by the procedure of Ref. [33] .
In fact, the equation of motion of qubit S can also be written in the following master equation form (by differentiating Eq. (4) with respect to time) of the forṁ with the time-dependent decay rate Γ(t) and Lamb shift Ω(t) given by [31] 
In general, the absolute values of Γ(t) may be larger than unity. In the following, we define the normalized decay rate γ(t) = Γ(t)/Γ max (t) for better visualizing the corresponding phenomena, where the maximum is taken over the entire time region for fixed η and ω c .
III. AVERAGE FIDELITY DYNAMICS
Here we suppose the channel state is prepared initially in the Werner-like state [34] 
where |Ψ = (|00 + |11 )/ √ 2. ρ(0) is entangled if 1/3 < r 1 and separable if 0 r 1/3. For this kind of ρ(0), we have
therefore the average teleportation fidelity F av is determined by the absolute values of p(t), and this applies to all kinds of reservoir spectral densities with the Hamiltonian model of Eq. (3). By combining Eqs. (1) and (13), one can identify three different types of behavior of the |p| dependence of F av (see, Fig. 1 ), which depend on the values of the mixing parameter r: (i) for r = 1, F av decays monotonically with the decrease of |p| and arrives at the classical limiting value of 2/3 when |p| = 0; (ii) for 1/3 < r < 1, F av first decays with the decrease of |p|, and then increase with the decrease of |p| after the critical point |p| 2 c = (1−r)/(1+r), and F av is larger than 2/3 only when |p| 2 > 2|p| 2 c ; (iii) for 0 r 1/3, although F av still decays with the decrease of |p|, and increase with the decrease of |p| after |p| > |p| c , its value cannot exceed 2/3. In Fig. 2 we display dynamical behaviors of the average teleportation fidelity F av for the case of super-Ohmic reservoir with the cutoff frequency ω c = ω 0 , mixing parameter r = 1 and different coupling strengths η. One can see that in the weak-coupling regime (e.g., η = 0.15), F av decays monotonically and approaches to its limiting value 2/3 only when ω 0 t → ∞. If one enlarges the coupling strength moderately (e.g., η = 0.35), the strong non-Markovian effect dominates and this leads to an obvious oscillation of F av , but in the long-time limit it still reaches the classical limiting value 2/3. If one further increases the coupling strength to a much larger value (e.g., η = 0.9), however, F av firstly experiences some oscillations, and then approaches to a finite value larger than 2/3 in the long-time limit.
To understand the physical mechanism responsible for the above phenomena, we plot in the inset of Fig. 2 the behaviors of the normalized decay rate γ(t). Clearly, for η = 0.15 the decay rate maintains a finite value after one oscillation, and thus deprives the quantum advantage of the teleportation protocol in the long-time limit. For η = 0.9, however, γ(t) approaches zero after some oscillations due to the energy and/or information exchanging back and forth between the qubits and their independent memory reservoirs, and this leads to F av > 2/3 even in the long-time limit. The origin of F av (t → ∞) > 2/3 for η = 0.9 can also be explained from the formation of the bound state in the system. In fact, for the Hamiltonian model of Eq. (3) with the spectral densities of the form of Eq. (6), the conditions for formation of a bound state can be determined as
by the same methodology of Ref. [32] . For the system parameters chosen in Fig. 2 ( i.e., s = 3 and ω c = ω 0 ), η = 0.9 is clearly larger than its critical value 0.5, and therefore F av (t → ∞) > 2/3. For η = 0.15 and 0.35, which are smaller than 0.5 and thus F av (t → ∞) = 2/3, although there may be weak enhancement of F av (e.g., η = 0.35) during certain ω 0 t regions caused by the nonMarkovian effects.
When considering the Ohmic (Fig. 3 ) and sub-Ohmic (Fig. 4) reservoirs, similar phenomena are observed (the oscillating behaviors of F av for the Ohmic reservoir with η = 0.9 and sub-Ohmic reservoir with η = 0.55 are very weak and unobvious in the plots), with however different critical coupling strengths for the formation of a bound state. This corroborates the observation derived for the case of super-Ohmic reservoir.
To further understand the relations between dynamical behaviors of F av and γ(t), we reexamine Eq. (11), from which one can derive Γ(t) = −q(t)/q(t), with q(t) = |p(t)| 2 . Therefore γ(t) > 0 when |p(t)| decreases with time, and γ(t) < 0 when |p(t)| increases with time. As F av is a monotonic increasing function of |p(t)| 2 in the region of |p| 2 > |p| 2 c = (1 − r)/(1 + r), F av is increased whenever γ(t) < 0, and decreased whenever γ(t) > 0 during this region. In the region of |p| 2 < |p| 2 c , however, F av is a monotonic decreasing function of |p(t)| 2 , thus F av is decreased whenever γ(t) < 0, and increased whenever γ(t) > 0. But it should be note that for this case (i.e., |p| 2 < |p| 2 c ), F av cannot be larger than its classical limiting value 2/3.
In Fig. 5 we gave an exemplified plot of the time dependence of F av and γ(t) certifying explicitly the above general arguments. When r = 1, as mentioned above, F av behaves as a monotonic increasing function of |p(t)| 2 in the whole time region, thus it is increased when γ(t) < 0 and decreased when γ(t) > 0. For r = 0.5 we have |p| 2 < |p| 2 c = 1/3 during the time region ω 0 t ∈ (0.49, 0.84), and from the solid red line shown in Fig. 5 , one can see obviously that F av is decreased if γ(t) < 0 and increased if γ(t) > 0. As the negativity of the decay rate is a signature of strong backaction of the non-Markovian memory effect of the reservoir, the decrement of F av with γ(t) < 0 indicates that the back flow of information from the environment to the channel does not always improve quality of teleportation.
IV. SUMMARY
In summary, we have studied quantum teleportation of a general one-qubit state in the bosonic structured reservoirs with spectral densities of the super-Ohmic, Ohmic and sub-Ohmic types. Through comparing dynamical behaviors of the average teleportation fidelity F av with different system-reservoir parameters, we show that the structures of the reservoirs play a decisive role on quality of teleportation, and F av can be improved by the technique of reservoir engineering, e.g., by tuning the reservoir structures so that there are bound state formulated. We have also compared behaviors of F av with that of the decay rate γ(t), and revealed the relationships between the negativity/positivity of γ(t) and the enhancement/decrement of F av .
As it is now possible to simulate and control the nonMarkovian effect [14] [15] [16] , we hope our results may be certified with state-of-the-art experiments, and at the same time shed some new light for exploring the relationship between non-Markovianity of the reservoir and the efficiency for performing certain quantum protocols.
